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ABSTRACT

This paper merged together the study of optimal control laws for a pension plan with and without return clause under
Heston volatility model. An investment model comprising of members’ monthly contributions, return accumulations
with risk free interest to dead members’ families for the case with return clause and investment in one risk free asset and
two risky assets is presented. Since the mean variance utility function is time inconsistent, the game theoretic approach is
used to establish an optimization problem from the extended Hamilton Jacobi Bellman (HJB) equation. Furthermore, the
optimal control laws for the three assets and the efficient frontier are obtained using variable separation method by
solving the extended HJB equations. Finally, Numerical simulations were presented to demonstrate the effects of some
parameters on the optimal control laws with observations that the optimal control law for risk free asset decreases
continuously with time while that of the risky assets increases continuously with time.

Keywords: Extended HIB equation, pension plan, optimal control laws, volatility risk, return of premium.

INTRODUCTION

In finance, the management of portfolios is a critical issue
as it concerns investment in assets which are modelled by
Brownian motions. Due to some degree of randomness in
modelling the market prices of these assets, the study of
optimal control laws as it governs investments in financial
markets has drawn so much attention from researchers all
over the world and also financial managers from different
financial institutions such as insurance companies,
commercial bank, pension fund system etc have equally
engaged in the study. According to (Antolin et al., 2010)
the importance of pension fund system in preparing for
members retirement cannot be over emphasized since it
gives members the opportunity to plan for their old age.
Currently, there are two types of pension plan namely; the
defined benefit (DB) plan (see Delong et al., 2008; Chen
and Hao, 2013; Josa-Fombellida, 2012) and the defined
contribution pension plan (DC) (see Devolder et al., 2003;
Gao, 2008; Akpanibah and Oghenoro, 2018; Akpanibah
and Osu, 2018). These authors studied the optimal
investment problems under different assumptions in both
DB and DC pension funds.

presently, there have been an increase in the study of
optimal control laws governing investments when pension
fund managers are mandated to refund the contributions
of members who lost their life during the accumulation
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phase since members of the scheme are faced with
mortality risk; as a result of this (He and Liang, 2013)
studied the optimal control laws for DC pension fund with
return of premium clause; they assumed the returned fund
is without interest and the remaining accumulations was
equally shared among the surviving members. They
considered investment in one risk free asset and one risky
asset such that the risky asset was modelled by geometric
Brownian motion. Sheng and Rong (2014) studied the
optimal control laws with return clause where they
considered investment in one risk free asset and a risky
asset (stock) and assumed the stock market price is
modelled by Heston volatility model. Osu et al. (2018)
studied optimization problem with return of premium in a
DC pension with multiple contributors; in their work, the
stock market price was driven by constant elasticity of
variance model (CEV) model. Li et al. (2017) studied
equilibrium investment strategy for DC pension plan with
default risk and return of premiums clauses under (CEV)
model; they considered investments in treasury, stock and
bond. In a recent study Akpanibah et al. (2020)
investigated the optimal control law for a DC pension
plan when the returned contributions are with
predetermined interest; they considered investment in a
risk free and a risky asset and assume the risky asset is
modelled by Heston volatility model.

From the available literatures and to the best of our
knowledge, no work have been done on optimal control
laws for a pension plan ‘‘with’” and ‘‘without’ return
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clause that considers investment in a three assets such that
the stock market price follows the Heston volatility
model. Also the returned contributions are with risk free
interest. This is the motivation behind this work.

1. The Investment Model

Consider a market which consist of onerisk-free asset and
two risky assets; namely stock and loan. Let(Q, F, p) be a
complete probability space such that Q is a real space
and p a probability measure satisfying the condition
0<t<sT . (W,(t), W,(t), W, (t), W,,(t) : t = 0} are
standard Brownian motions. Fis the filtration and denotes
the information generated by the Brownian motions. Also,
let the financial market be a complete and frictionless
type and is continuously open over a given time interval
0<t <T, such thatTis the retirement age of pension
members.

Let R, (t) denote the price of the risk free asset and the
price process is driven by
dR.(t) = r R, (t)dt, R, (0) = 1,
(1.1)
S, (t)denotes the price of the stock which is modelled by
the Heston’s stochastic volatility as follows
as,(t) =
(r1 +8,2,(0)S, (D) dt +Z, (DS, (O)AW,S,(0) = 59
(1.2)
dZ,(t) = A(V — Z,)dt + ny\[Z,dW,, Z,(0) = z,
(1.3)
L, (t)denotes the price of the loan and its price process is
described as follows
dL.(t) = (g + A) L (O)dt + ny L, ()dW,(t) +
3L, (£)dW,, (1) (1.4)
Here 7 is the predetermined interest rate of the risk free
asset and 4,V, A, Ay, ny,ny, n3 are positive constants and
the four Brownian motions are such that
dW,(t)dW, = &, dW,(t)dW, = dW,(t)dW,, =
dW,(t)dW, = dW,(t)dW,, = dW,(t)dW,, = 0 ,
where ¢ is the correlation coefficient of W,(t) and
W,satisfying the condition—1 < ¢ < 1.

From (1.1), (1.2), (1.3) and (1.7), (1.6) becomes
([ @20r55)))
UD) | +uz(b2 + =) + 71
dt +
du(t) = a- n) k- ko t
k—ko—(1+n)t
L »EST )

U 3 (nadW; + n3dW,)
+u; Z(t)dW5

)

Considering the time interval [¢,t + i], the differential
form associated with the fund size is given as:

Ut +1i)=
Re1i(t) Se+i() Li4i(®)
u(t)(ﬂl R THTs TR )+ 1
b(i) = thnilyy e — mUE) == Rt“(t) Xy | 1T k0%
(1-5)

Ut+i)=

Ry 4i(t)—R
L (1=t = 1) (P77 (1= i)
Se+i(t)—S¢ Leyi@®)—Le
+“2( S )+”3( Lt )
+bl - tbniXkoH
—(1 = py = p3)nU)iX g 4
IXAO+E (1.6)

U()

(1+

IXRO0+21—

Whereuy , 1, , and usare the fractions of the members
wealth to be invested in cash, stock and loan respectively
such that wy =1—u,—us , b is the members’
contributions received by the pension fund at any given
time, ky, the initial age of accumulation phase, T, the time
frame of the accumulation period such that k, + T is the
end age. iXp,is the mortality rate from time tto ¢ + i,
bt is the accumulated contributions at timet, thniXj. .

R l(f)
panU(E) === i 4

contributions and rlsk free interest paid to the death
members’ family such that if n = 0, there is no return of
contribution and if n = 1, there is return of contribution.
Following (He and Liang, 2013), we have

and aretheaccumulated

Xy pe = 1 — expifi- f v(ky + t + h)dh}
0

= v(ky +t)i + 0(i)
__ 1—exp! {-fo v(¥+t+h)dh}
1=iXkore  explf- fiv(@o+t+h)dh)
hdnj)— I=vk0+ti+0(7)

iXkg+t

= xp{f viko+t+

iX
As i-0 |, llé‘c‘;“ =v(ko +)dt | iXpyq =
. Re4i(t)—R: dR. (t) Se4i(£)—8¢

v(ky + t)dtbi - bdt , == , -
R Re(t) S

dSe(t) Lipi(O)—L; dLy(t) ‘ (1 7t) '

OGN Ly Le(t) '

= Uy .
u(o) 1.8
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Where k is the maximal age of the life table and v(t)is the force function given by

1
t) =——, 0<t<k
v(®) = <

2. Mean-Variance Utility and Extended HJIB equation

Consider a pension fund manager whose interest is to maximize his profit while penalising risk by using the mean-
varianceutility function given as

H(t,u,z) = sup,{E., ;U (T) — Var,, ;U*(T)} (2.1)
Applying the game theoretic method described in Bjork and Murgoci (2010) the mean-variance control problem in (2.1)
is similar to the following Markovian time inconsistent stochastic optimal control problem with value function
H(t,u, z).

J(u,2,1) = By o[U(D)] = 2V ary , [UH (D]

U2 = By g [UF (D] = % (Bean o[ U (1] = (B [U (TD?)
t H(t,u,z) =supJ(t,u,z, 1)

u
From Bjork and Murgoci(2010) the optimal portfolio policy u* satisfies:
H(t,u,z) =supJ(t,u,z,u")
u
yis a constant representing risk aversion coefficient of the members.
Let pll (t, u, Z) = Et,u,z [u‘u (T)]! qﬂ (tt u, Z) = Et,u,z [uu (T)Z] then
H(tuz) =supe(tuzp*twz)q"(tuz)
n
Where,
et wz,p,q) =p—7(q~p?) 22

Theorem 4.5.1 (verification theorem). If there exist three real functions & F,G :[0,T] X R —» R satisfying the
following extended Hamilton Jacobi Bellman equation equations:

& —e
1 1
4f’1+(1—n)m+u2(A12(t)+ )

k—ko—t k—ko—(14+n)t
+[u o +b (/0 (6, — e)
3 (B + ) + b (U ( k—kot )| €
Sup< k—ko—t k—ko—t
|« +AV = 3)(E, — e;) =0 (2.3)

1
+ou U3z + pi(n3 + n)1(Ew — Au)
1
+En%z(‘gzz - ‘Azz) + (ugznl.uz)(guz - "quz)
E(T,u,2) = e(t,u,z,u?)
Where,
{Cﬂuu = ey + Zeup Pyt Zeuq qu + epppla + zepqpuqu + €qq ql% = yTuz
Ay = V:Fzzidqzu =yRF,
Fe

(2.4)

1 1
71 +(1—n)m+ﬂ2 (Alz(t)‘l'_)

k—ko—t) | b(k—ko—(1+n)t) z,

1 k—=ko—(14+n)t k—ko—t
) tuz(Bs + k—ko—t) + b( k—ko—t ) -0

+A(V — 2)F, (25)
1
+Eu2 [,H%Z + ﬂ%(n% + n%)]j:uu

+|u

+ %n%szz + (ugznlﬂz)?uz
F(T,u,z)=u



4938 Canadian Journal of Pure and Applied Sciences

G )
k_klo_t + U (Alz(t) + k_klo_t) +h (k—ko—(1+n)f) G
_ _ _ _ u

< i3 (8 + =) + b () e
+4A(V - 32)G, 26)
+%u2 [M%Z + [1%(7’1% + n%)]guu
+%H%Zgzz + (uezn ) Guy

G(T,u,z) = u?
Then H (t,u, z) = £(t,u,z),p* = F(t,u,2),q* = G(t,u, z)for the optimal control lawsy*.

7+ (1 —-n)

Proof:
The details of the proof can be found in (He and Liang, 2009; Liang and Huang, 2011; Li and Zeng, 2011)

3. Optimal Control Laws and Efficient Frontier

In this section, we attempt to solve the extended HJB equation in (2.3) and (2.5) for the optimal control laws of the three
assets and also the efficient frontier.

Proposition 3.1

The optimal control laws for the three assets are given as

R o e A (ht+eniA(E-T) L L(__1
. [yu (Atenihy) (k—ko—t) {h temhe *3 (k—ko—t)}l
b =1-= + e”1(t=T) (k_kO_T)l—n A+ ( 1 ) (31)
[ yun3+nd) \k—ko—t 2 k—ko—t J
P e A T i (A+en1A)(-T) 4 1 1
M2 = hvenian) (k—ko—t) {h +enidge *s (k—ko—t)} @-2)
o emtT) gy _\17n 1
M3 =1, (n3+n%) (k—ko—t) A + (k—ko—t) @3-3)
Proof
From (2.2),
e = euy= € = € =€p; = €y = €py = €qp = Eyp = €yq = €pg = €qq =0, €, =1+ yp,
epp =y, gq = _E (34)

Substituting (3.4) into (2.3) and differentiating it with respect to u,and s, and solving for u, and u3;, we have:

1
N (Alz"'m)eu +(Euz—yFuFzleny
== [ Zu(‘guu _yTuz) (35)
1
(M"’m)eu
R 3.6
Hs [u((euu ok D (36

Substituting (4.5) and (4.6) into (3.3) and (3.5) we have

_ 1 k—=ko—(1+n)t _ l _ 2 2
&+ [(/rl +(1-n) k—kg—t) u+b (71{_1{0_1: )] Ey + A(V = 2)E; + (&, —VF iz

12 1 \2
1 85 ((Alz+lc—k0—t) + (A2+k—k0—t) ) _ l(euz—y}“u}“z)z (37)

2.2
—= e‘ny =0
2 (Eu —¥F2) z (n§+n3) R 1
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Fe

+ [(4”1 +(1—-n) pp _t) u+b (W)} F, + A(V —2)F,

2 L2
+%H%ZTZZ— EuFu ((A1z+m) +(A2+kk0t)>

(Euu _}’Tuz) z (n%+n§)

_ Fu(Euz—yFuFy) 1
(Cuu—¥F2) (Al + k—ko—t )gnl
2 (3.8)
/ (A1Z+W)eu+(8uz yFyFplenyg \
1 3 2(Eyy —¥F2)
+E| ( |Tzu
2 2 2 ko=t
\ *nz +n3) ((ew —yﬂ)(nmg)) /
1
A zt———— ey +(Eyz—v FyFplen
+eny <( T (ts)uu — 1)7—; =0
Next, we assume a solution for £(¢t, u, z) and F(t, u, z) as follows:
(E(t,u,z) =uB(t) += Bz(t)+ B3(t) B,(T)=1, B,(T)=0, B3(T) =0
{l F(t,u,z) =uC (t) += Cz(t)+ C;(t),C1(T) =1, C,(T) =0, C3(T) =0
_ d'Bl (t) z dB(t) 1dB3 (t) _ _ _1 _ (39)
| t_ dt y dt +; dt rgu_Bl(t)rguu _O'gz_;BZ(t)xgzz_O
dC() dey(t) |, 1des(t) 1
L t_ 1t }z’ dzft +; d3tt lTuzcl(t);Tuu :O’TZ:;CZ(t)lTZZZO
Substituting (4.9) into (4.7) and (4.8), we have
DLt (r+A-M5=)B O =0 BT =1
dt
dBy(t) _ (8 —1)n162 AlBl _ en1A1B1Cy _
0 AB, + + 26,2 o =0, B,(T)=0
1 )2 (3.10)
dB3(t) k—ko—(1+n)t (A2+Wo—t) B1C1
+AVE, + Blby( k—ko—t ) (n§+n3)c?
1 2 2
(1 1 B2 l(m) B _ _
(k—kg—t) eni Gy + (k—k - )Al clz +3 zC2 =0, B(M)=0
deq ()
L4 (n+-mg)a®=0 ,am=1
dcy(t) AlBl EnlAlBlcz _ _
- AC, + o o 0, C,(T)=0
3.11)
ng(t) kokg—(myey | (B2 To— t) Bi& (
+AVC, + Ciby ( k—ko—t )+ 2(nZ+nd)ct

1 2
_1r 1 Bi1€; | 1 (k—ko—t) BiC1 _
- (k—kg—t) eni by Cp + 2 (k_ko_t) Mozt =0 C3(T) =0

Solving (3.10) and (3.11), we have

k—ky—T\"!
) —0>
B =e (k—ko—t

k—ky—T\"
— oo (F X071 )
GO =e <k—k0—t

-1
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B, (t) =

Bs(t) =

Cs(t) =

+A—%(1 — M) ¢
24

1
en, A2 { z(eﬁ(t—r) ~1)

A+ engA _ _ }
181 k+ s (eh(t T) _ g(hteniAg)(t T))}

( %(eﬁ(t—T) ~1) ]

A(t-T)
2(A + enyA)? €oyky
e hE-T)

- (A+en1A)(@-T) _ 1 J
A+ 2en A (e )
2

Al (1 _ e(/b+£n1A1)(t—T))

Cy(t) =—"——
2(0) A+ eng A

T

T
—/LVI B,(t)dt + byJ. Ci(7) (

t t

Ay
/ A% + 24, \
LY RN I
2(nj +n3) '(T—t)
) |
\+ (n%+n§) z /
T

k—ky— (1 +n)T
dt
k_kO_T

k—ko—(1+n)T
dt
k—kO—T

T

—th Cy(t)dt + byf G, (1) (

t

A% + 24,
2(nf +nj)

(n3+n%) z

AZ
+o(1-

J

1
14

E(t,u,z) =

(
-

ko =)k —ko—T) X
-
weri@-0 (kokoT)

k—ko—t
I (pht-T) _
£n1A§ /L(e 1)
AteniAg | 4 1 (e/’t(t—T) _ e(h+sn1A1)(t—T))
en1hq
1 AT
L(eHe ~ 1)
273(2_ 20 7(t-T)
A(e=T) niai(e?-1) ) 4 1 — efn1bi(t-1) 4
€ ) + 2(ﬁ+£n1A1)2 Eolkl ( )
Mt (At+en1hq)(t=T)
A+2en1Aq (e - 1)}
T T k—ko—(14n)t
AV [ By(x) dt + by [, C1(7) (—k_ko_r )dr
Ay
Aj+24, |
+ 2(n%+n%) (T _ t)
1 1
((n2+n3)+2)

2(k—ko—t)(k—ko—T)

(T—1t)+ (24 Al l (k_kO_T
(;_l_l) 1 /L+€n1A1 n k_ko_t

>J

(3.12)
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— k—ko—T
uem1 =t (_0

k—ko—t

z

14

A% 1
fteniAq

-

(1- e(h+sn1A1)(t—T))>

k—ko—(14+n)t

)de

T T
) / A3424,
+= 2(n§+n3) A2 k—ko—T
Y+ | 1 1 | (T -0+ (2A1 - /L+gi1A1> in (k—k(())—t)

()

2(k—ko—t)(k—ko—T)

\+

Substituting €, = B;(t) ,F, = C1(t), €, =0, and , F, = %C’Z(t) into (3.5) and (3.6) we obtain (3.1), (3.2) and (3.3).

Proposition 3.2

The efficient frontier of the pension members is given by

ue™1 (M=t (k—ko—T
k—ko—t

2
At
fteniAg

Epy (U (D] =

/w
+ J(©®

)n_l +bf

—AV ftT Cy(0) dt + | (
4_

+ (ZA1 -

k—ko—(14+n)t
10 ( k—ko—1 )dr
(1 _ e(/L-f-EnlAl)(t—T)))
A}+24, \ 314
2(n%+n%) ( ' )

Lt

(n3+n3) "=

n

) | (T —1)

2(k—ko—)(k—ko—T)

Jin ()

ot
AteniAq

Proof
Var,, (U (T)] = Eq o, [UF (T)?] = (Epy o [UF(D)])? = ;(T (t,u,3) — E(t,u,2))

2z4% _ (hteniAD(E=T)
<ﬁ+£n1A1 (1 € ! )
L(pht-T) _
anlA‘% v (e 1)
fAtenig + 1 (eh(t_T) — e(/H'EnlAl)(t_T))
£n1A1
- 21— eneem)
u - —
Var,, [u* (D] = z ( Lentn 1) \
n%A‘;’(EZ—l) ! + 2e#(t-T) (1 _ esnlAl(t—T)) + !
(h+£n1A1)2 eo1ky
e (t=T) (e(ﬁ+gn1A1)(f—T) _ 1)J
A+2en1Aq
T T A3 k—ko-T\?2
+ <2hv ( [ B,@de— [ ¢, dr) + (2A1 - Mrjm) In (k_k‘(’)_t) —20,(T — t)>

* 1
Vart,u,z [U” (T)] = ﬁ](t)
Where

(3.15)



Canadian Journal of Pure and Applied Sciences

4942
2
ﬂ(l — gWten1AD(-T))
A+ eng Ay
( L (pae-n _ )
2en A3 { N (e 1) }
A+ eng A(E=T) _ ,(h+eniA)(E—T)
* enq A (e ¢ )}
+ A1 (1—et)
2 h
- - 1
T(@) = ( Z(eﬁ(t—r) ~1) ]

T

+| 24V fBZ(T) d‘[—jcz(‘[) dt +(2A1 —

nZA3(e? — 1)

! Zeh(t—T)
(A + enq A;)?

Eo_lkl
elL(t—T)

th + 2en A

(1 _ esnlAl(t—T)) + &

(e(/L+£n1A1)(t—T) _ 1))

T
A?

A+ eng A

k_ko_t

1 /Vart_u,z[uﬂ*(T)
¥ JT® .
(T—t) k—ko—-T\"~
ue/rl (k—ko—t)
s  Af __(h+engA)(E=T)
14 </L+£n1A1 (1 € . )
* T T k—k()—(1+n)1'
Baczel=| [ AL G@drbrfem (FEr) \
) / 23424, \ |
+- 2(n3+n}) 2
y _ _ AT k—ko-T
+ <ﬁ(n2j—n3)+%> (T t) + (2A1 /H-EnlAl) ln (k—ko—t)
Z(k—ko—t)(k—ko—T)
Substituting (3.16) in (3.17), we have
T
k—ky—T\"" k—ky—(1+n)t
R e R f ¢ 0 d
ue K—k,—t) TPJOO\T T )*
t
z A—%(l _ e(ﬁ+£n1A1)(t—T))
A+ eng A
2
By [UH (1)) = , Li+2h;
Var,, [U*(T)] 2(n3 +n3
+ |— | —-av| () dr + 1 1 (T-10)
T® <ﬁ + —>
t + (n2+n3) z
2k —ky =)k —ky—T)
+( 24 A ! <k_k°_T)
VT v emn, ) \k—ky -t

Remark 3.1: If n = 1, the optimal control laws for the three assets in (3.1), (3.2) and (3.3) reduces to a case when there

is return of contributions as follows

)ln(k_ko _T)Z —20,(T - t)

(3.16)

(3.17)
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M{thgnlAle(Msnle(r—m+l( 1 )}]

. yu(ftenqlq) z \k—kq—t
wo=1- m1-D) . (3.18)
oo\ &t ()
o e (h+engd)(e-T) L 11
Ko = yumﬂnlm{" +em A e TR Z(—k_ko_t)} (3.19)
. e”1(t=T) 1
Hs = yu (n§+n3%) (Az t (k—ko—t)) (3.20)

4, Numerical Simulations

In this section, we present some numerical results of the optimal control law with return of premium using the following
parameters unless otherwise stated y = 0.5, =0.03,£4 =0.5,6 = 0.3, n; = 0.1,n, = 0.3,n3 = 0.5,A; =0.4,A, = 0.5,
g9 = 0.1uy=0.1,T =40, t = 0:5:25,k = 100, k, = 20.

Fig. 1. Time evolution of uy*, uy*, and usz* Fig. 3. Time evolution of yu;* with different 7

Fig. 2. Time evolution of y;* with different y. Fig. 4. Time evolution of u;* with different u.
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”~ £ _////‘
.//// - - /-/—
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— '_/ _-___'_»“/
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Fig. 5. Time evolution of the u,* different y. Fig. 8. Time evolution of u;* with different y.
///, g .//{/l
- <3 /_/‘//
Fig. 6. Time evolution of pu,* with different 7. Fig. 9. Time evolution of u3* with different #.
,-/ g
,//- '/-/

-

Fig. 7. Time evolution of u,* with different wu. Fig. 10. Time evolution of u;* with different u.
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DISCUSSION

In Figure 1, we observed that the optimal control law for
risk free asset decreases continuously with time while that
of stock and loan increases continuously with time. From
Figure 2, 3 and 4, the optimal control law of the risk free
asset is directly proportional to the risk aversion
coefficient of the pension members, initial wealth and the
predetermined interest rate of the risk free asset while in
Figures 5 and 8, we observed that the optimal control law
of the risky assets are inversely proportional to risk
aversion coefficient of the pension members; this implies
that an investor with high risk aversion coefficient will
invest less in equity and loan and vice versa. Figure 6 and
9 shows that the optimal control laws of the risky assets
are inversely proportional to predetermined interest; the
implication here is that, as the interest rate of the risk free
asset increases, there is a decrease in investments in
equity and loan. In a similar fashion, Figure 7 and 10
shows that the optimal control laws for the risky assets are
inversely proportional to the initial wealth the implication
is that when there sufficiently large amount in the pension
purse, at the early stages of the investment, the fund
managers will like to undertake lesser risk when
compared to cases where initial wealth is small.

CONCLUSION

This work merged together, the study of optimal control
law for a pension plan with and without return clause
under Heston volatility model. We presented an
investment model which takes into considerations
members’ monthly contributions, return accumulations
with risk free interest to dead members’ families for the
case with return clause and investment in three different
assets. The game theoretic approach was used to establish
our optimization problem from the extended Hamilton
Jacobi Bellman (HJB). The variable separation technique
was used to obtain the optimal control laws for the three
assets and the efficient frontier by solving the
optimization problem. Numerical simulations were
presented to demonstrate the effects of some parameters
on the optimal control laws with observations that are
presented with observations that the optimal control law
for risk free asset decreases continuously with time while
that of stock and loan increases continuously with time.
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